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Abstract

A constitutive equation of anisotropic friction with sliding path curvature e}ects de_ned in the preceding
companion paper is completed with illustrative examples[ Friction coe.cients\ inclination angles and
coe.cients of tangent and normal components of the friction force with respect to the sliding direction are
given in the case of non!homogeneous friction properties which form concentric circles in a contact surface[
Motion of a material point in the surface with non!homogeneous friction is investigated for radial\ concentric
circular and arbitrary trajectories[ Essential changes of sliding trajectories of the material point are observed
for various values of coe.cients of parametric tensors in the constitutive equation[ Þ 0888 Elsevier Science
Ltd[ All rights reserved[

0[ Introduction

A knowledge of a frictional resistance and a wear behaviour of materials with complex micro!
structure has a great importance with regard to their applications as machinery component parts
subject to contact and sliding motion[ Anisotropy\ non!homogeneity and sliding path curvature
e}ects are clearly speci_ed tribological properties of these materials[ In the large body of literature
devoted to friction and wear\ anisotropy was observed by many researchers\ the sliding path
curvature e}ects were treated by Briscoe and Stolarski "0868\ 0874\ 0875\ 0880#[ The present
analysis is supported by experimental observations carried out by Briscoe and Stolarski[

We discuss the sliding status in the case when the sliding path curvature modi_es the expression of
the friction force[ The papers by Zmitrowicz "0884\ 0888# formulated the friction force constitutive
equation with sliding path curvature e}ects in the following form

t � t9¦tr � −N 0Cv¦E
n

r1\ "0#
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where\ N − 9 is a normal pressure\ r is a curvature radius\ v and n are unit vectors tangent and
normal to the sliding path\ respectively[

Let us consider non!homogeneous friction properties which form concentric circles in the surface
with a centre in the origin of the reference system Oxy[ Then\ the second order tensor C is de_ned
as follows

C � m0k0 & k0¦m1k1 & k1[ "1#

Unit vectors k0 and k1 are tangent and normal to the concentric circles\ and coe.cients m0 and m1

de_ne friction along the concentric circles and along the radii\ respectively[ Tensor E is associated
with the sliding motion and is given by

E � h0v & n¦h1n & n\ "2#

where h0 and h1 are coe.cients[ The basis "k0\ k1# can be transformed into the basis "v\ n# with the
aid of the following rule

ðk0\ k1ŁT � Bðv\ nŁT\ "3#

where\ B � ðBijŁ\ i\ j � 0\ 1 is a transformation matrix[
If r × 9\ then two types of restrictions can be imposed on the tensors C and E[ Let the tensors

satisfy the following conditions

vTCv − 9\ vTEn − 9\ "4#

then the dissipation inequality "Zmitrowicz\ 0888# is satis_ed for every sliding direction and every
positive radius of curvature r $ R¦[ If r × 9 and the tensors are restricted as follows

vTCv × 9\ vTEn ¾ 9\ "5#

then the dissipation inequality "Zmitrowicz\ 0888# is satis_ed for every sliding direction and some
values of the positive curvature radii\ i[e[

r − −
vTEn

vTCv
[ "6#

In illustrative examples\ we apply restrictions "5# and "6# since they lead to numerical results
which coincide with experimental observations carried out by Briscoe and Stolarski "0868\ 0874\
0875\ 0880#[

The anisotropic friction coe.cient ma and the angle of friction force inclination b to the sliding
direction are de_ned by

ma � N−0 =t=\ "7#

sin b �
t = n

=t=
[ "8#

Coe.cients of the friction force components collinear with the sliding direction and normal to the
sliding direction are as follows
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m>
a � −N−0t = v\ m_

a � N−0t = n[ "09#

1[ Characteristic friction quantities

Characteristic quantities of the analysed anisotropic non!homogeneous friction "i[e[ ma\ b\ m>
a\

m_
a# depend not only on the sliding direction in the contact but also on the shape of the sliding

path[ We consider two privileged sliding trajectories i[e[ along the radii and along the concentric
circles[ Characteristic friction quantities in these cases are represented with the aid of simple
formulae[

"a# Radial trajectories[ Let us assume that the sliding trajectories are straight lines collinear with
the radii from the centre of concentric circles[ Since the following relations hold between the unit
vectors] k0 � n\ k1 � −v\ the friction is de_ned with the aid of the tensor C given by

C � m0n & n¦m1v & v[ "00#

For arbitrary tensor E\ we have tr � 9\ since r � �[ Then\ the friction force equation reduces to
the following form

t 0 t9 � −m1Nv[ "01#

In that case\ the coe.cients of the friction force components and the inclination angle are de_ned
by

ma 0 m>
a � m1\ m_

a\ b � 9[ "02#

Here\ the friction force vector is always collinear with the radial direction\ and the friction force
value is constant for all radii[ A power of the friction force referred to the unit velocity "a dissipation
function# takes the following value

D � −t = v � m1N[ "03#

After substitution "00# into "5# we obtain a restriction on the friction coe.cient m1 of the tensor
"00# for the sliding along the radii\ i[e[

vT"m0n & n¦m1v & v#v � m1 × 9[ "04#

The inequality "04# deals with radial sliding directions[
"b# Circular trajectories[ If the sliding trajectory is a circle with the radius r � r attached to the

centre of concentric circles\ then k0 � v\ k1 � n\ and the friction properties are de_ned by the tensor
C of the form

C � m0v & v¦m1n & n\ "05#

and the tensor E given by "2#[ Then\ the friction force components are de_ned by

t9 � −m0Nv\ "06#
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tr � −
N
r
"h0v¦h1n#\ "07#

and the friction force equation has the following form

t � −N $0m0¦
h0

r 1 v¦
h1

r
n% [ "08#

In this case\ the friction coe.cient is a function of the coe.cients\ m0\ h0\ h1 and the circle radius r

ma �X0m0¦
h0

r 1
1

¦0
h1

r 1
1

[ "19#

Depending on a sign of the coe.cient h0\ we distinguish a positive additional friction "h0 × 9# and
a negative additional friction "h0 ³ 9#[ The coe.cients of the friction force components collinear
with the sliding direction and normal to it are given by

m>
a � m0¦

h0

r
\ m_

a � −
h1

r
[ "10#

The angle of the friction force inclination to the sliding direction is de_ned by

sin b � −

h1

r

X0m0¦
h0

r 1
1

¦0
h1

r 1
1
[ "11#

The dissipation function takes the following value

D � −t = v � 0m0¦
h0

r 1N[ "12#

After substitution "05# and "2# into "5# we obtain restrictions on the coe.cients m0 and h0 of the
tensors "05# and "2# for the sliding along the concentric circles\ i[e[

vT"m0v & v¦m1n & n#v � m0 × 9\ "13#

vT"h0v & n¦h1n & n#n � h0 ¾ 9\ "14#

since n = v � 9\ n _ v[ In this case\ there are no restrictions on the coe.cient h1\ i[e[ h1 $ R[ The
investigations "13# and "14# deal with concentric circular trajectories\ which satisfy the condition
"6#\ i[e[ radii of the circles are greater than a limiting radius "rl#

r − rl � −
h0

m0

[ "15#

If m0\ m1 � 9 and h0\ h1 � 9 for the sliding along the concentric circles\ then the friction charac!
teristic quantities take the following values] m_

a \ b � 9 and ma � m>
a � m0[ The friction vector is
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collinear with a tangent to the circle and the friction force value is constant for all concentric
circles[ Notice\ this case takes place\ if the tensor E is equal to zero\ and the friction is de_ned by
the tensor C[

Considering the sliding along the concentric circles and taking m0\ m1\ h0 � 9 and h1 � 9\ the
friction force vector is tangent to the circles\ but the friction force value depends on the circle
radius[ In an in_nity "r � �#\ the friction coe.cient is equal to ma � m0[

If h1 is constant during the sliding along the concentric circle of the given radius r\ then the
friction force vector "08# changes its orientation with respect to the reference system\ but its length
and the inclination angle are unchanged[ Hence\ the friction coe.cient ma and the inclination angle
b are constant for all points of the concentric circular trajectory[ The inclination angle depends on
the circle radius "since h0 � 9#\ and the friction force component m_

a occurs[ For r � � the friction
coe.cient achieves the value ma � m0\ and m_

a and b are equal to zero[
If the coe.cient h1 � const "e[g[ h1 is a function of the sliding velocity#\ then the friction depends

on] the sliding trajectory and additionally on the sliding velocity at the given point of the trajectory[
Therefore\ characteristic friction quantities "m_

a \ ma\ b\ t# are functions of the sliding velocity[ Only
the coe.cient m>

a and the dissipation function D do not depend on the sliding velocity[
Friction process is always connected with wear[ Therefore\ a relation exists between a wear rate

and the friction coe.cient[ In pin!on!disc tests carried out by Briscoe and Stolarski "0868\ 0874\
0880#\ maximum wear rate of polymers was observed for large radius of the circular path and
signi_cant reduction in wear rate was achieved when the radius approached the radius of the pin[
The anisotropic friction presented in this study has similar properties[ The friction coe.cient ma

for the large radius of the circular trajectory is greater than the friction coe.cient for the small
radius\ taking the negative additional friction "h0 ³ 9#[

2[ Sliding of a material point

Let us consider motion of a material point in a supporting plane with non!homogeneous
anisotropic friction[ The motion is described by the following equation

mx� � t\ "16#

where\ m is the mass of the material point\ x is the position vector[ The sliding is excited by the
initial velocity V9[

As opposed to the velocity vector\ the acceleration vector is not tangent to the material point
trajectory in general[ The acceleration vector is given by

x� �
d"Vv#

dt
�

dV
dt

v¦
V1

r
n\ "17#

since the unit vector v is a function of time\ and its time derivative has the following form

dv

dt
�

dv

ds
ds
dt

� V
dv

ds
\ "18#

where\ V is a velocity value[ The relation "17# de_nes components of the acceleration tangent and
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normal to the trajectory "i[e[ tangential and centrifugal accelerations#[ Components of the friction
force tangent and normal to the sliding path are given by

t � t>v¦t_n\ "29#

t> � −N $m0"B00#1¦m1"B10#1¦
h0

r % \ "20#

t_ � −N $m0B00B01¦m1B10B11¦
h1

r % [ "21#

The motion equation given in the local basis de_ned by the unit vectors tangent and normal to
the sliding trajectory "v\ n# has the following form

m
dV
dt

� t>\

m
V1

r
� t_[ "22#

The following relation holds for the motion along the curve

da

dt
�

V
r

\ "23#

where\ a is an angle between the axis Ox of the reference system and a tangent to the curve[ After
substitution "23# into the motion eqn "22# we obtain

m
dV
dt

� t>\

mV
da

dt
� t_[ "24#

Initial conditions of motion are as follows

V"t9# � V9\ a"t9# � a9[ "25#

An instant position of the material point with respect to the reference system Oxy is given by

x � x9¦g
t

t9

V cos a dt\ "26#

y � y9¦g
t

t9

V sin a dt\ "27#

where

x"t9# � x9\ y"t9# � y9[ "28#

The unit vectors associated with the motion trajectory are de_ned by
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ðvŁ � ðcos a\ sin aŁT\ "39#

ðnŁ � ð−sin a\ cos aŁT[ "30#

The basis "k0\ k1# of the concentric circles is given by

ðk0Ł �
0

zx1¦y1
ðy\ −xŁT\ "31#

ðk1Ł �
0

zx1¦y1
ðx\ yŁT[ "32#

The normal pressure force N is taken to be equal to the gravity force Newton � 8[70N and
m0 � 9[0\ m1 � 9[04\ h0 � −9[90m\ in all examples in this study[

A resistance to sliding of the material point depends on frictional properties of the supporting
surface[ In the case of non!homogeneous anisotropic friction\ the resistance to sliding depends on
the sliding trajectory[

"a# Radial trajectories[ Let us consider the material point sliding in the radial direction[ The
sliding is excited by the initial velocity V9 acting at the point "x9\ y9# in the radial direction a9[ Then\
coe.cients of the transformation matrix B have the following values

B00 � B11 � 9\ B01 � −B10 � 0\ "33#

and the friction force components are as follows

t> � −m1N\ t_ � 9[ "34#

Then the motion eqns "24# reduce to

dV
dt

� −
N
m

m1\

da

dt
� 9[ "35#

The material point which slides due to the initial velocity acting in the radial direction does not
leave the radial direction\ since b � 9 and there is no friction force component being able to change
the rectilinear trajectory of the material point[ The friction force and the sliding velocity are
collinear vectors\ and they guarantee the motion along the radii[ The coe.cients h0 and h1 do not
a}ect the sliding along the radii\ since the sliding path is a straight line "0:r � 9#[

In this case the material point motion is a uniformly retarded motion along the radii[ The
tangential acceleration is constant\ i[e[ x� t � −Nm1:"1m#[ The centrifugal acceleration is equal to
zero[ The sliding way passed by the material point is given by

s"t# � V9t−
N
1m

m1t
1[ "36#



A[ Zmitrowicz:International Journal of Solids and Structures 25 "0888# 1738Ð17521745

Fig[ 0[ Motion of a material point along the radial trajectories in a plane with friction properties which form concentric
circles "starting from the centre of the concentric circles#[

Hence\ the length of the rectilinear sliding trajectory and the time of sliding are the same for all
radial directions\ i[e[ for any direction angle a9ð9\ 1pŁ\ Fig[ 0[

The motion along the radii does not depend on the initial position "x9\ y9# of the material point
with respect to the concentric circle centre\ and it does not depend on the sense of the initial
velocity vector V9 "i[e[ into the centre or out of the centre#[

Intervals between points on the trajectories plotted in this study correspond to constant time
intervals "9[0 s#[

"b# Circular trajectories[ Let us consider the sliding of the material point along the concentric
circle excited by the initial velocity V9 acting tangent to the circle at the point "x9\ y9#[ In this case\
we have
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B00 � B11 � 0\ B01 � B10 � 9\ "37#

t> � −0m0¦
h0

r 1N\ t_ � −
h1

r
N[ "38#

The circle radius is given by

r � z"x9#1¦"y9#1[ "49#

The constraints normal to the circular trajectory are de_ned with the aid of the coe.cient h1

which is assumed to be the following velocity function

h1 � −
mV1

N
[ "40#

A value of the coe.cient h1 is negative\ since m × 9\ N × 9 and V1 × 9[
After substitution "40# into "38#\ the gyroscopic component of the friction force takes the

following form

t_ � m
V1

r
"41#

and the second equation of motion "22# is satis_ed identically[ Taking into account "24#\ the sliding
along the concentric circle is described by the following equations

dV
dt

� −
N
m 0m0¦

h0

r 1 \
da

dt
�

V
r

[ "42#

In this case the material point motion is a uniformly retarded motion along the circle of the
radius r[ The tangential acceleration is constant\ i[e[ x� t � −N"m0¦h0:r#:"1m#[

The motion in direction normal to the circular trajectory is constrained[ The material point is
constrained only to move along the concentric circular trajectory "an e}ect of a {motion by rails|#[
The reaction to the constraints "t_# equilibrates the centrifugal force[ This example is equivalent
to the case when the material point of the mass m is attached to a massless rigid arm free!_xed in
the centre of a circle[ Then\ the material point can move along the circle of the radius equal to the
arm length\ and the component t_ de_nes a force in the arm "t_ is equal to the centripetal force#[

The sliding way passed by the material point is given by

s"t# � ra"t# � V9t−
N
1m 0m0¦

h0

r 1 t1[ "43#

Let us assume that h0 � 9\ then the length of the circular sliding path and the time of sliding are
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Fig[ 1[ Motion of a material point along the concentric circular trajectories in a plane with friction properties which
form concentric circles "starting from various points in Ox!axis#\ when h0 � 9\ h1 � const[

constant for all concentric circular trajectories\ i[e[ for arbitrary and _nite radius r\ Fig[ 1[ Since
the additional friction is equal to zero "h0 � 9#\ the concentric circular trajectory is the trajectory
of the minimum of dissipated energy[ In this case\ the sliding path is the longest[

The velocity function V"t# does not depend on the initial position "x9\ y9# and on the direction
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angle "a9#[ Thus\ the coe.cient h1 is a function of time having the same values for all concentric
circles[

"c# Other trajectories[ We consider the material point sliding in arbitrary directions taking into
account a few particular values of the coe.cients of the tensors C and E[ The friction force
components t> and t_ are de_ned by "20# and "21#[ The motion equations "22# we solved by means
of the RungeÐKutta fourth!order method[

Isotropic friction "m0 � m1 � 9 and h0\ h1 � 9# gives the rectilinear sliding trajectory which
coincides with the direction of the initial velocity V9[ In the case of isotropic friction all sliding
directions are equivalent\ they give the same resistance to motion[ Motion of the point is a
uniformly retarded motion[

Figure 2 presents the sliding trajectories for very particular friction properties[ In all cases the
tensor E is equal to zero "i[e[ h0\ h1 � 9#[ In the frictionless case "m0\ m1\ h0\ h1 � 9# the material

Fig[ 2[ Motion of a material point in a plane with] frictionless properties "m0\ m1 � 9#\ unidirectional friction with non!
zero friction for the sliding along the concentric circles "m0 � 9\ m1 � 9#\ unidirectional friction with non!zero friction for
the sliding along the radii "m0 � 9\ m1 � 9#[
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point moves uniformly with the constant velocity V9 into an in_nity along the rectilinear trajectory
which coincides with the initial velocity direction[ We obtain the same situation in the case m0\
m1 � 9 and h0\ h1 � 9\ since the e}ects of the coe.cients h0 and h1 vanish for the rectilinear sliding
trajectories[ It means that the tensor E is an addition to the friction description with the aid of the
tensor C[ The tensor E does not play any independent role[

Unidirectional friction with non!zero friction for concentric circular trajectories "m0 � 9 and m1\
h0\ h1 � 9# gives the material point path which bends to the frictionless radial direction\ Fig[ 2[ If
the non!zero friction is along the radii "m1 � 9 and m0\ h0\ h1 � 9#\ then the sliding path bends to
the frictionless concentric circular direction\ Fig[ 2[ Generally\ the unidirectional friction gives the
trajectory which bends to the frictionless direction "i[e[ to the direction without the resistance to
motion#[ Then\ the dissipation of the initial kinetic energy of the material point is small[

If the radial friction is greater than the concentric circular friction "m0 ³ m1 � 9 and h0\ h1 � 9#
then the trajectory curve bends to the concentric circles i[e[ to the direction with a lower friction[
If the concentric circular friction is greater than the radial friction "m0 × m1 � 9 and h0\ h1 � 9#\
then the motion curve bends to the radial direction[ Generally\ the motion trajectory bends to the
direction with a lower friction[

If m0\ m1\ h1 � 9 and h0 � 9\ then the gyroscopic component of the vector tr is equal to −"Nh1:r#n[
Since h1 � 9\ the material point moves along the essentially di}erent trajectory curve in comparison
with the case] m0\ m1 � 9 and h0\ h1 � 9[ The sliding velocity\ the time of sliding and the resistance
to motion do not change radically\ and they are almost the same in both cases[ Very small changes
arise from di}erent values of the transformation coe.cients Bij for di}erent sliding curves[

Figure 3 illustrates an in~uence of the coe.cient m1 on the sliding trajectory[ Two particular
types of the coe.cient h1 are taken into account] h1 � const and h1 � const[ If h1 � const and it is
positive\ then the sliding path is inclined with respect to the straight line collinear with the initial
velocity V9[ If h1 � const and it is assumed to be the following velocity function

h1 � −h�1
mV1

N
\ "44#

where 9 ³ h�1 ³ 0\ then the sliding path bends essentially to the concentric circle\ and it coincides
with the concentric circle in the case h�1 � 0[

Figure 4 shows an in~uence of the coe.cient h0 ³ 9 on the material point motion[ The coe.cient
h0 � −9[90m de_nes the negative additional friction[ Then the dissipative component of the vector
tr is equal to −"Nh0:r#v[ The negative additional resistance to motion is great for trajectories with
small curvature radius r\ and opposite the negative additional friction is small for trajectories with
great r[ If h0 ³ 9\ then the material point experiences the smaller resistance to motion in comparison
with the case] m0\ m1\ h1 � 9 and h0 � 9[ The sliding velocity and the time of sliding change
essentially\ but the trajectory curve does not undergo changes\ and the material point moves along
the same path as in the case] m0\ m1\ h1 � 9 and h0 � 9[ In both cases\ the transformation coe.cients
Bij are unchanged\ since the sliding trajectories coincide[

If m0\ m1\ h1 � 9 and h0 × 9 "the positive additional friction#\ then the material point experiences
greater resistance to motion in comparison with the case of negative additional friction h0 ³ 9[ It
deals with h1 � const as well as with h1 being the velocity function "h1 � const#[
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Fig[ 3[ Motion of a material point in a plane with friction properties which form concentric circles for di}erent values
of the constraints imposed on the motion in direction normal to the sliding path "h1# and for h0 � 9[

3[ Conclusions

"0# The sliding path curvature induces] an additional resistance to sliding "h0# and a reaction to
the constraint normal to the sliding path "h1#[ It produces an additional friction "h0# and it can
change essentially the sliding path curvature "h1#[ These facts are illustrated by the sliding
trajectories of the material point in the plane with non!homogeneous friction in the form of
concentric circles[

"1# If the material point slides in the plane with non!homogeneous friction along the concentric
circular trajectory excited by an initial velocity\ then the constraint reaction normal to the
sliding path is assumed to be equal and opposite to the centripetal force[ In that case the
coe.cient h1 is a function of the sliding velocity[

"2# The description of the material point sliding along the concentric circles is realized with the
aid of the tensor C which de_nes anisotropic and non!homogeneous friction properties of the
surface and the tensor E which de_nes constraints imposed on the sliding motion[ The tensor
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Fig[ 4[ Motion of a material point in a plane with friction properties which form concentric circles for di}erent values
of the constraints imposed on the motion in normal direction "h1# and for the negative additional friction h0 � −9[90
m[

E is an addition to the friction description with the aid of the tensor C\ and its role vanishes
in the case of rectilinear trajectories[
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